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Numerical Method for Calculation of Surface Tension Flows
in Arbitrary Grids

P. Y. Liang*
Rockwell International I Rocketdyne Division, Canoga Park, California 91303

This paper outlines a scheme to define and track interfaces in an arbitrary quadrilateral grid by making use of
a single fractional volume of fluid (VOF) variable to describe the distribution of the liquid phase in a
gas-liquid-particles flowfield. The present methodology, however, represents a substantial refinement over the
original VOF programs in that nonorthogonal, body-fitted, and even deforming grids can be used, and the gas
and liquid phases can take on totally different properties, including compressibility and incompressibility. The
interface is unambiguously defined; it either forms a closed loop or terminates at boundaries with specified wall
adhesion angles. Then, local curvatures can be estimated and surface-tension forces determined and applied to the
acceleration of local velocities. Furthermore, the availability of the interface orientations with respect to the
computational cell boundaries enables a higher-order estimate of the appropriate volume of liquid (as vs gas) that
is to be fluxed across a cell boundary. The rewards for this added sophistication are superior liquid contiguity and
shape preservation properties compared with simpler interface tracking methods. Examples demonstrating the
versatility of the code in two-phase flow applications are presented.

Introduction

IN fluids engineering, there are numerous situations where it
is important to resolve the dynamics of the interfaces

separating two immiscible fluids. Applications include vehicu-
lar tank slosh analysis, low-gravity space applications, lubri-
cation analysis, atomizing jets, droplet/spray dynamics, and
two-phase flows in chemical processes. In computational fluid
dynamics, there are two basic approaches to the tracking of
free surfaces. The first approach uses Lagrangian-type meth-
ods, such as putting markers on the interface or using grids
that deform with the heavier fluid.1"3 It has the advantage of
circumventing the problem of numerical diffusion across the
interface. However, the methods become inapplicable
whenever the deformation of the interface is severe, such as in
drop or liquid jet breakup studies. In such circumstances, the
utility of the Lagrangian methods may be extended to a
limited degree by the restructuring of the grid or redistribu-
tion of the markers. This strategy was adopted by Fyfe et al.4
However, such undertakings inevitably involve great complex-
ity in bookkeeping and reintroduce numerical diffusion^ which
the Lagrangian methods are intended to avoid in the first
place. These Lagrangian tracking methods can be used in
conjuction with a global Eulerian grid for the fluid field
variables.

The second approach seeks to retain the numerical versatil-
ity of a purely Eulerian representation. Then, to track an
interface that arbitrarily intersects the grid, an additional field
variable is introduced whose value indicates the relative ab-
sence or presence of each of the immiscible fluids within a
computational cell. The exact location and orientation of the
interface is then inferred based on the local magnitude and
distribution of this variable. One commonly used variable is
the fractional volume of one of the fluids, as in the volume of
fluid (VOF)5 scheme. To minimize numerical diffusion, spe-
cial treatments are necessary when evaluating the advection of
this particular variable. Nichols et al.6 use a variation of the
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donor-acceptor concept, which implicitly assumes that the
interface is either normal to or parallel to the local adveption
velocity. A concise overview of the advantages and disadvan-
tages of the different methods has been presented by Laskey
et al.,7 who classified the approaches slightly differently ac-
cording to whether the surface itself is tracked, or just recon-
structed when required, or a simple Lagrangian grid is used
(thus effectively tracking the surface also). The method pre-
sented in this paper is an extension of the VOF philosophy.
The fundamental difference lies in the fact that actual "water-
mark" coordinates are defined from the VOF variable at each
time step and that these watermarks are joined together by
line segments to form a continuous curve representing the
interface instead of a set of disconnected segments as in the
original VOF scheme. Thus, the location and orientation of
the interface is uniquely defined in space and does not change
when the computational scheme sweeps the Eulerian grid in
different directions. At first sight, the scheme thus appears
similar to the surface tracking or combination Lagrangian-
Eulerian methods, but in actuality this is not so, as the surface
coordinates are not advected, they are only reconstructed at
each new time step. All necessary information is still con-
tained in one single VOF variable, thereby preserving the
simplicity of the VOF approach. Accordingly, the resolution
power of the scheme is also limited to one coordinate point
per computational cell.

Once defined, the position of the interface is used for two
purposes: 1) calculation of surface curvature for determining
surface tension forces and 2) partitioning of the flux terms
across cell boundaries into two portions, each representing a
different fluid.

The advantages of the present method over the conven-
tional VOF scheme are summarized in Table 1. They stem
primarily from the unambiguous definition of the interface.
The scheme has been implemented into the advanced rocket
injector combustion code-surface tracking (ARICC-ST)
version of the ARICC8 code, which is a general purpose
multiphase combustion code derived from tlie CONCHAS-
SPRAY9 code by combining the latter's three-step implicit
continuous Eulerian (ICE) Navier-Stokes solver and discrete
particle technique with the VOF concept. Before describing
the interface tracking algorithm, a brief summary is first given
about the ARICC three-phase computational environment
under which tracking is performed. The reader is referred to
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Table 1 Comparison of the SOLA-volume of fluid and ARICC-ST surface tracking scheme

SOLA-Volume of Fluid ARICC-ST

Rectangular grid
Fixed grid
Ambiguous definition of interface

location and orientation
Nonconnecting surface segments
Fluids of equal acoustic seeds

only
Advection of F based on donor or

acceptor values
Linear velocity profile across

interface
Uniform distribution of surface

cell mass to momentum cells
Adhesion to vertical or horizontal

walls

Arbitrary quadrilaterals
Rezonable grid
Unambiguous definition of watermark coordinates

Contiguous surface segments
Gas and liquid phases of totally independent properties

including sound speeds ,
Advection of F based on actual interface location

Bilinear or higher-order velocity profile across inter-
face to account for different ng and fif

Preferential distribution of surface cell mass

Adhesion to arbitrarily oriented walls, including sharp
corners

u, v

Fig. 1 General computational volume in the ARICC scheme.

Ref. 8 for details. All discussion in this paper is restricted to
two-dimensional axisymmetric cases, although the concepts
are readily extended to three-dimensions. '

Basic ARICC Methodology
ARICC was developed for the purpose of simulating com-

bustion flows where a thick spray and atomizing jets are
involved, such as in liquid propellant rocket combustion
chambers. Because of substantial volumetric displacement by
each of the three (liquid, gas, droplets) phases, a strong
dynamic coupling exists among them, and each phase needs
to be resolved independently. To achieve this, the standard
finite volume formulation is modified as follows:

1) Partitioning the computational control volume into mul-
tiple subvblumes (see Fig. 1). In the most general case,
portions of the cell are occupied by each of the three phases.
Twd additional variables are introduced to keep track of the
relative volumetric fractions as well as areal blockages by the
droplets. Droplets are treated as discrete Lagrangian particles,
whereas the liquid or gas are continuum media and finite-
differenced accordingly. For the purposes of this paper, only
the liquid and gas phases are of concern. The corresponding
VOF variable is defined as

2) Pressure coupling between gas and liquid phases. To
retain simplicity in cells where both liquid and gas phases are
present, a single value of pressure is still defined for the entire
cell. (An exception is when the gas phase is replaced by a

vacuum or an "inert" medium of given constant pressure. See
next section.) The liquid is considered to be incompressible or
nearly incompressible, whereas the gas is treated as fully
compressible. Thus, when a control volume is compressed, all
of the compression is assumed to take place over the gaseous
subvolume. Such a "compound" fluid can take on interesting
new properties, some of which are discussed by Liaiig, 10 such
as an effective sound speed that is lower than either that of
the liquid or of the gas.

3) Mass and momentum exchange between the phases.
Semiempirical physical submodels appearing as source terms
in the conservation equations are used to account for inter-
phase transport, such as the conversion of the liquid into
droplets or vapor or vice versa. (These correspond to the
physical processes of atomization, evaporation, and their
inverse processes.) If desirable, energy exchange can likewise
be modeled. Momentum exchange between the gas and liquid,
however, is implicitly treated. Following the practice of CON-
CHAS-SPRAY, momentum cells are constructed around the
regular cell vertices where the velocities are defined (see Fig.
1). Volumetrically, the regular cell is partitioned by joining
the cell's center with the cell face midpoints, with each portion
contributing to each of the four associated momentum cells.
However, when the liquid and gas residing within the same
regular cell are of vastly different densities (typically of the
order of 102 times different), the apportioning of the regular
cell's mass, and hence momentum, to the four vertices be-
comes an issue. In the baseline ARICC scheme, a homoge-
neous, averaged density is assumed:

p=pgF + ps(l- (2)

as in a single-phase calculation. This scheme works, but
substantial numerical diffusion in momentum results, produc-
ing the effect of excessive interface drag. To improve upon
this situation, the regular cell's mass must be preferentially
distributed, which, in turn, requires knowledge about the
interface location and orientation. To this end, a refined
free-surface tracking scheme is developed, and it is to this
scheme we now turn.

Approach for Interface Tracking Scheme
Figure 2 depicts the major steps involved in defining the

interface and utilizing the additional information thereby
made available. They are explained briefly below.
Step 1 Cell Linkage Determination

A global sweep over the mesh is first conducted to deter-
mine which of the cells are viable candidate interface-contain-
ing cells (surface cells), namely, those cells that have
0 ^ F < 1 and have at least one empty (purely gaseous) cell
out of its eight neighbors. In general, any cell can take on
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Step 1

Step 2

Step 3

Step 4

Global Search
• Classification of Cells
• Determine Linkages

Explicit
Pressu
Accele

Determine Coordinates of Interface Line Segments
• Wall Adhesion
• (Optional) 'Surface Smoothing'

Curvature and Surface Tension Forces
• Weighted Distribution of Forces to Vertices

Rest of
Computational
Cycle

Higher Order Fluxing Scheme
• Enhance Liquid Contiguity
• Determine New VOF Variable Values
• Weighted Distribution of Cell Mass to Vertices

Convective
Terms

Fig. 2 Flowchart showing the free-surface tracking scheme within the
ARICC-ST code computational cycle.

fractional F values, but not all of them should be allowed to
be a surface cell. Note that cells with F = 0 are included; it is
possible for a cell lying on the surface of a liquid region to be
completely filled with liquid.

Then a search is initiated with any surface cell, but priority
is given to those that are either next to a wall or an axis of
symmetry and have the largest number of empty (purely
gaseous) neighbors. To proceed with the search, the following
rules are postulated.

1) Only two surface cells with a common cell face can be
linked together.

2) A surface must either form a complete closed loop or
terminate at a boundary.

3) A cell cannot be crossed by a surface more than once.
Consequently, a surface cannot reverse on or cross itself.

4) If a cell can be linked to more than one neighbor, it is
assumed that the linkage continues in the same direction as
the previous segment.

5) Whenever a search path reaches a dead end, it back-
tracks until a cell offers a possible alternative path, and the
search continues from there. All previously tried surface cells
are then declared noncandidates. '

6) When a surface cannot be extended further, except to
cross itself, the search may be successfully terminated with the
surface forming a closed loop. Any "dangling branches" of
the initial portion of the surface will be eliminated and the
cells returned to candidate status.

Step 1 is repeated until all candidate cells have been ex-
hausted and all possible surface loops have been formed. The
linkage information is stored in two additional arrays, giving
the forward and backward links for each true surface cell.

Figure 3 gives examples of different liquid shapes and the
corresponding linkages. It is evident that small liquid frag-
ments will not necessarily be resolved as independent regions,
but may be left out in the freestream or included as part of a
larger region.

Step 2 Watermark Coordinates
A watermark location is defined for each surface cell. For

two-dimensional quadrilateral grids, cell linkages can only be
one of two kinds: a straight link, or a left or right turn (see
Fig. 4). If it is the former, a "fathom line" is constructed
linking the midpoints of the two cell edges that the interface
does not intersect. If it is the latter, the fathom line is a
diagonal approximately normal to the interface. Then, a
watermark is chosen along this fathom line such that, if a line
segment perpendicular to the fathom line and passing through
the watermark is drawn, it partitions the cell into liquid and
gas subvolumes that correspond approximately to the correct
F value. It is only approximate because the arbitrary quadri-
lateral is treated either as a trapezoid (for straight links), or as
a trapezoid plus two triangles (see Fig. 5). However, the
volume calculations do take into account whether the grid is
a two-dimensional planar one or an axisymmetric one.

a) b)
Chunks in Proximity

Spheres

Symmetric wrt Grid

1 /

1
\

^*~

*-. — ,
r;
^

P-U

d)
Asymmetric wrt Grid

t?

e)
Concave/Con vex Multiple Surfaces in Same Cell

(Different Representations Possible)

Fig. 3 Examples of different liquid shapes and corresponding cell
linkages.

Once defined, the watermarks can be joined together to give
an unambiguous and physically realistic representation of the
interface. If the interface terminates at a wall, the last segment
of the interface is constructed so as to produce the proper
wall adhesion angle (an input property). Finally, an optional
smoothing scheme is also included to smooth out small
unphysical wriggles.
Step 3 Calculation of Surface Tension

Surface-tension evaluation is based on the curvature Karc of
a circular arc passing through a watermark and its two
adjacent neighbors. The surface-tension pressure always
points toward the center of curvature and is given by

P = -

where

(3)

(4)

The second right-hand-side term of Eq. (4) is 0 for planar
grids. Ps is assumed to act over an area As from
[(XM + *A/- i)/2, (YM +YM_ ,)/2] to [(XM + XM + ,)/29
(YM + YM + i)/2]9 where subscript M denotes the watermark
in question.

One more issue remains. The force fs — PsAs is a cell-cen-
tered quantity that must be distributed to the four corner
vertices (unlike the thermodynamic pressure, which acts over
a distinctive area associated with each of the momentum
cells). If the cell contents were homogeneous, the force should
be distributed in proportion to the volume contributed by the
regular cell to each of the four momentum cells. Since the cell
contents are not homogeneous, however, and the liquid and
gas densities are hugely different, a set of weighting factors
reflecting the concentration of cell mass toward the heavier
fluid is superimposed on top of the volumetric weighting
factors, i.e.,

(5)
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where

1 = 1,2,3,4

and Wv are proportional to the volumes of the momentum
cell quadrants. A similar set of compound weighting factors is
used in apportioning the cell mass to the four corners. The
prescription for Wm is discussed next.

Step 4 Weighted Mass Distribution and Higher-Order Fluxing Scheme
To avoid undue algebraic complexity, even for a two-di-

mensional situation, no attempt is made to actually solve for
the multiple intersections of the interface with the momentum
cell boundaries. The preferential distribution of fluid mass
within a cell is thus only qualitatively approximated. Formu-
las of varying complexity can be prescribed for the weighting
factors provided that

1) All weights are equal when the cell is fully gaseous or
fully liquid.

2) The greatest difference in the weights result when the
cell is half-filled.

3) The formulas are symmetrical with respect to the posi-
tion of the fluid. That is, if the liquid and gas swap positions
without moving the interface, the respective weights would
also swap position.

An example of the weight formulas is given in Table 2.
Because of the symmetry property, the reader should be able
to derive the complete set of formulas when the relative
orientation of the fluids is different.

*>Cell Links
*—-*-Fathom Line with Watermark
**$& Free Surface

Straight Link Left Turn Link Right Turn Link

Fig. 4 Definitions of fathom lines and watermarks in a surface cell.

The unambiguous definition of an interface location not
only enables the weighted distribution of mass and surface-
tension forces within a cell, but also makes it possible to
account for a nonlinear velocity profile across the interface
between two vertices. In Fig. 6, the velocity profile associated
with the left face of the cell, which intersects the interface, is
assumed to be made up of two linear segments joining at the
intersection point. Balance of viscous forces requires that the
slopes of the two segments bear the relationship

(XS-X4)
(6)

which can be used to solve for Us. Equation (6) may be
replaced with a more sophisticated profile shape function if so
desired. The two shaded regions add up to the total volume
flux across the left face, each corresponding to the gaseous
volume flux and the liquid volume flux, respectively. In the
ARICC-ST implementation, as a further refinement, the inter-
section point S is determined using the average of the old time
and (estimated) new time locations of the interface, advected
based on U3 and U4. For the bottom and top faces of the cell,
which the interface does not intersect, a linear velocity profile
is assumed, and the effective F value used for the fluxing
calculation in that case is chosen as

*D,FA) (la)

(7b)

if fluxing from inside of liquid region

F=mm(FD,FA)
if fluxing from outside of liquid region

Approx. Trapezoid
(Straight Links)

Approx. Trapezoid
Plus Triangles
(Turning Links)

Fig. 5 Liquid and gas volume partitioning for arbitrary quadrilaterals.

Table 2 Examples of weight formulas and distribution of surface cell mass to momentum vertices

Straight link Left turn link

where WB = 0.5 p, - max (F - 0.5,0)(p, - pg)
0.25(p, + Pg) + (0.75 - max(0.5, F))(p, - pg)

W - I I
WB+WT

WT-WR

Wm2 where WT = 0.5 pg + max(0.5 - F, Q)(p, - pg) 0.25(p, + Pg) - {min[max(F, 0.25), 0.75] - 0.5}(p, - pg)

Wm% where ̂  =

WT-WL

FR + FL WB + WT

WB-WL

0.25(p, + pg) + [mm (0.5, F) - 0.25](p, - pg)
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Fig. 6 Bilinear velocity profile across an interface and corresponding
fluxing volumes.

Fig. 7 Limiting fluxes of gas and liquid volumes across cell boundaries
(dashed line indicates boundary of total volume fluxed).

where the subscripts D and A refer to the "donor" and
"acceptor" cells on either side of the cell face.
Flux Limiters

The preceding fluxing scheme implied that a nonupwind
value of F is used in evaluating the convective terms. Thus,
flux limiters must be imposed to prevent more gas or liquid
than is available to be fluxed out of the donor cell. This is
done as follows:

A V, = min[( 1 - F) A Ftotal + &,

and

where
max(0, F - AFtotal - Vgt D)

(8)

(9)

mm(FD , FA)

The situation is schematically depicted in Fig. 7. Equation (8)
prevents more liquid than is available to be fluxed, and Eq.
(9) does the same for the gas.
Cutoff Value for F

Because of truncational errors or other sources of noise, it
is possible that tiny "fragments" of liquid be dispersed over a
gaseous region or vice versa. To prevent these from unreason-
ably distorting or complicating the interface shape, as well as
to avert numerical difficulties when tiny gas pockets are
trapped within a largely liquid cell, cutoff values of F must be
prescribed so that we set

F->0 if f < Fcut

F-+1 if F>l-F c u t

One dynamic way of defining Fcut is
F —^cut ~~

max

(lOa)

(lOb)

Jmin 1 xlO"3,-

x l x 10-4

2xK c e

UA^J

(11)

t = 0 ms
vj = 100 cm/sec
a = 75.6 dynes/cm
1 9
D = 0.5 cm

Droplet Impacting Flat Surface

t = 6.0 ms

11 = 8.5 ms

11 = 18.9 ms

11 = 26.4 ms

I t = 31.4 ms

Fig. 8 Drop falling through vacuum and impacting hard surface.

The idea is that Fcut is as large as accuracy considerations
should allow (10~3 or 0.1% of cell volume is an insignificant
amount of liquid), but not so large that even if liquid is being
fluxed into an initially empty cell, the liquid will be wiped out
by this cutoff value. On the other hand, Fcut cannot be zero,
therefore a lower limit of 10~5 is used.

Pressure Interpolation for Vacuum Ambient
In the event that the gaseous phase is replaced with a

vacuum or an inert medium of prescribed pressure, the pres-
sure boundary condition must be imposed at the free surface.
Since the thermodynamic pressure is normally defined at the
cell center, it is obtained through linear interpolation between
the surface and an interpolation cell inside the liquid region.
The interpolation cell is chosen from among the surface cell's
eight neighbors based on the linkage information, so that the
line joining its center and the center of the surface cell is
pretty much normal to the interface. Then

(12)

where

Pfj = the surface cell-centered pressure
PN = the interpolation cell-centered pressure
psurf = the given surface pressure

and r\ =dc/d is the ratio of the distance between the cell
centers, and the distance between the watermark and the
interpolation cell center. Equation (12) must be applied
throughout the iterative calculation process for the pressure
acceleration. If the surface cell undergoes compression, for
example, its center moves and dc changes, even though d does
not.
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Examples
It may be pointed out that even though the scheme seems

quite complicated, the additional computational load is still
manageable. The reason is that, for most applications, the
number of surface cells is small compared with the computa-

1.5
1 t = 5.512 x 10~2 sec [ -

0.0 1.0 2.Q 3.0 4.0
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I c 0.0si
« s *"°-5

1 -1.0
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0.0 1.0 2.0 3.0 4.0
Axial Distance from inflow Plane (cm)

Pa

5.0

1.32 x 10-3 gm/cc,
Pj> = 0.0786 gm/cc, a = 0.1 dynes /cm)

Fig. 9 Translation of spherical drop through nonrectangular grid.

cycle 50 t=.009 ms cycle 1800 t=.377 ms

cycle 600 t=.137 ms cycle 2400 t=.477 ms

cycle 1200 t=.266 ms cycle 3000 t=.575 ms

Fig. 10 Normal mode oscillation of simulated kerosene droplet.

tional grid. The following examples demonstrate the versatil-
ity of the scheme.
Drop Falling through Vacuum

Figure 8 shows a water drop of 0.5 cm diam falling with
100 cm/s initial velocity in a l-g gravity field. Because of the
short falling distance (0.65 cm), there is no appreciable accel-
eration, and impact velocity is insufficient to cause the drop to
shatter. The case demonstrates the scheme's ability to work
with a vacuum ambient. After impact, the liquid spreads out
onto a thin film, but surface tension eventually stops the
spread and causes the overshot liquid to collect back toward
the center. Maximum spread diameter is about 1.63cm at
18.9ms.
Translation of Liquid Region

The preceding example utilized a simple rectangular
(though nonuniform) grid. One advantage of actually deter-
mining the watermark coordinates to represent the location of
an interface is that the interface definition will not be a strong
function of the cell shapes, and hence arbitrary quadrilaterals
can be used. (There is still some weak dependence, so long as
the interface itself is not tracked, but only inferred from the
VOF variable.) Figure 9 demonstrates this capability. Both
the circular liquid region (1 cm diam) and the surrounding air
is moving from left to right at a constant speed of 10 cm/s.
The liquid starts out in a zone with rectangular grids, but
gradually moves into a zone with increasingly skewed cells (as
reflected in the location of the velocity vectors). Generally
speaking, the shape-preservation ability of the scheme has
held up quite well. There are some minor distortions, but they
are traced more to noise generated in the velocity field rather
than to the surface tracking scheme itself. Refinements are
being developed to further reduce the spurious perturbations,
which get more noticeable as the density ratio between the
liquid and gas becomes huge and when the Eulerian velocity
of the liquid is substantial. Under those circumstances, mo-
mentum transfer from the liquid to the gas will have a big
impact on the gas velocity.

-t = 0.17 msec

t = 0.34 msec

t = 0.51 msec

0.78 ms

t = 0.68 msec

t = 0.85 msec

Pg = 1.19 x 10-3 gm/cc,
Pp = 0.786 gm/cc,

a = 23 dynes/cm, We =7

Fig. 11 Deformation and shear mode breakup of droplet under cross
flow.
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Normal Mode Droplet Oscillation
A frequently used test case for surface-tension schemes is

that of a droplet undergoing normal mode oscillation. With a
large density ratio between the liquid and the surrounding
gas, such a problem represents a stringent test on the validity
of the method. One such calculation using a Lagrangian grid
is reported by Fyfe et al.,11 who also extended the linear
theory for the oscillation period to include the presence of an
external fluid

(13)

where

n — 2 for the lowest mode
rd = droplet radius (two-dimensional "drop")
o = surface tension.

In Fig. 10, a simulation using the current scheme is pre-
sented for a kerosene droplet (p€ = 0.82 g/cc) in air
(pg = 1.3 x 10-3g/cm3). The drop radius is 0.0125cpi and
a = 30 dynes/cm. The period, as determined from the com-
puter plots, is approximately 6 x 10~4 s (cycle 3200), com-
pared with the theoretical value of 5.9 x 10~4 s and the results
by Fyfe et al. of 7.1 x 10~4 s. The grid size used was 26 x 26,
with 14 x 10 cells inside the droplet initially.
Droplet Breakup Studies

In the final example, we show the results of an important
application to the study of the breakup of a droplet under the
shearing effects of a convective stream. The breakup of pro-
pellant droplets has been studied experimentally12 and is
believed to be an important controlling factor in the combus-
tion rate of liquid rocket engine chambers. Figure 11 shows
an initially stationary (1200/z) droplet of kerosene being
subjected to an instantaneous flowfield of air of
3.38 x 103 cm/s (established by sending a shock wave of ap-
priate strength into the system). The computer-generated
droplet shapes are compared with the experimental results
found in Ref. 12. As the flow evolves, a lengthening wake and
the drop's internal circulation develop. The drop flattens out
as expected, and eventually sheds off ligaments around the
outer rim. Since droplet deformation is the result of a delicate
balance among viscous, surface tension, and pressure forces,
the good qualitative agreement testifies to the basic validity of
the scheme. The details of this and other related cases were
presented and discussed in a separate paper.13

Concluding Remarks
The full range of the current scheme's potential is yet to be

explored. Several issues, such as the challenges of dealing with
extreme density ratios between liquid and gas, of handling
complicated interface geometries especially when liquid frag-
mentation occurs, and of further refining the velocity profile
across the interface in the surface cell, remain to be investi-
gated. For example, when the distribution of liquid regions is
dispersed or fragmentary, it is conceivable that sudden

changes in surface shapes can still occur numerically, with
attending abrupt redistribution of vertex masses and momen-
tum and surface-tension forces. While every effort has been
made to make the search scheme as "smart" as possible, this
problem, which is basically one of resolution, has not been
totally overcome. On the other hand, relatively straightfor-
ward upgrades of the current scheme, such as adding evapora-
tion and heat transfer between the liquid and the gas, and
liquid interior heat transfer, will permit direct simulations of
droplet evaporation and combustion, etc., hitherto impossi-
ble. These possibilities are currently being pursued.
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